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In 1969 Stummel [5] developed a general Fredholm theory for compact 
bilinear forms in Hilbert spaces which contained as a particular case the Hilbert 
space approach to elliptic boundary value problems. In recent years an LP 
theory for elliptic boundary value problems has been established. Consequently, 
in this paper we shall extend the Fredholm theory for compact bilinear forms 
in a Hilbert space to a corresponding theory in a reflexive Banach space. 
Hopefully this theory will admit applications in the Lp approach to elliptic 
boundary value problems. 
In Section 1 we shall introduce the notion of compact bilinear forms on 
reflexive Banach spaces and obtain some of their basic properties; in particular 
an Ehrling type inequality. Based on a representation theorem due to Hayden 
[l] which generalizes the Lax-Milgram theorem we find in Section 2 that the 
Fredholm alternative is valid for a bounded bilinear form on reflexive Banach 
spaces if and only if a compact bilinear form exists such that the difference 
of the two bilinear forms is strictly nondegenerate. In Section 3 the general 
theory is applied to a boundary value problem for ordinary differential equations. 
Applications to partial differential equations are in preparation. 
1. COMPACT BILINEAR FORMS ON REFLEXIVE BANACH SPACES 
Let X, Y be normed spaces with topological dual spaces X*, Y*, respec- 
tively. Remember that a bilinear form b: X x Y -+ @ is called bounded if 
there exists a positive number c such that [ 6(x, y)l < c 11 x I/ I/y II for all x E X, 
y E Y. As is easily shown a bilinear form b: X x Y--f C is bounded iff there 
exists two bounded linear operators B: X + Y* and B*: Y -+ X* such that 
+,Y) = (W(Y) = (B*~‘y)(x) (14 
for all x E X, y E Y. We note that B and B* are dual operators with respect 
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to the canonical dual system (X, X*> and (Y, Y*). Obviously 3 exists and 
is bounded ifFB* exists and is bounded. 
In the following we shall generalize to reflexive Banach spaces the idea 
of a compact bilinear form which is described in [5] for Hilbert spaces. 
DEFNITIOW l.l., Let X, Y be reflexive Banach spaces. A bilinear form 
tZ: X x Y -+ @ is called compact if for each pair of weakly convergent sequences 
x,-x, n--t co, in X and yn-y, n-too, in Y there holds k(x,,y3+ 
4% Y>, n -+ co. 
Throughout the, paRer we indicate norm convergence by -+ and weak con- 
vergence by -. 
THEOREM 1.2. Compact hi&ear forms are bounded. 
Proof, Assume the compact bilinear form k is not bounded. Then there 
exist two sequences (x,) in X and (y,) in Y with the properties jj x, 11 = 
//yfi I/ = 1 and 1 k(xn ,y3] > rz, n E N. Since X and Y are reflexive we can 
choose weakly convergent subsequences xno) - x, j -+ co, and ye@) - y, 
j + co. But then from the gompactness of K there fohows k(2(xtio) , yn(j)) -+ 
k(x, y), j -+ 00, which contradicts ‘1 k(x,(,) ,y,cil)l 2 a(j), Jo N. 
Next we observe that compact bilinear forms’ and compact linear operators 
are closely related by the following theorem. Recall that a bounded linear 
operator on a normed space into a reflexive Banach space is compact iff each 
weakly convergent sequence is mapped into a norm convergent sequence. 
T~EOREPJI I .3. A &&ear form k: X x Y -+ C is compact ifi there exists a 
compact &war operator K: X + Y* such that 
foralZxGX,yEY. 
Proof. Let k be compact. Then by Theorem 1.2 the form k is bounded. 
Hence there exists a bounded linear operator K: X -+ Y* such that (1.2) 
is true. We have to @Z.W that K is compact. 
Let x, - x, FZ -+ co, in X and let (xno)) be a subsequence of (xn). By the 
Efahn-Banach theorem there exists a sequence (yT*) in the biduai space Y** 
such that 11~:” 11 = I and 
for all j,~ i%. Since Y is reflexive it follows that there exists a sequence ( yj) 
in Y such that ]/yi 11 = I and 
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for all j E N . Because ( yj) is bounded and Y is reflexive. we can choose a weakly 
convergent subsequence yjo) - y, 1 i;co; and’ now the compactness of k 
implies 
Thus we have proved that for each subsequence,,(x,(j)) of (xJ there exists 
a subsubsequence (z&(~))) for which Kx~(~(~)) -+ Kx, I -+ 001 Hence Kx, --t Xx, 
n -+ 00 and K is compact. 
On the other hand let the operator K be compact and let x, - x, n -+ co, 
inXandy,-y, n --f cO,‘in Y. Then from the compactness of K there follows 
Kx, -+ Kx, n --f 00. Since the weakly convergent series(y,) is bounded we 
now obtain 
I k(xn 7 in) - k(x, r>l 
= IW, - Kx)(,Y~) + W(rpC -$I 
< II KG - Kx II II in II + IVWY~ - YN -+ 0; a+ 03. 
Thus k is compact. 
Analogously there holds 
THEOREM 1.3’. A bi&near’form k:,X x J? -WC is compact as there exists a 
compact linear ope-rator K*: Y + T?? such that 
k(x, Y> = (K*Y)(x) (1.2’) 
for all x E X, y E Y. 
From the representation (1.1) we see that for I’ bounded bilinear form b 
there follows from x, - x, n -+ CO, ,in X ,that b(x, , y) -+ b(z; j); n -+ CO, 
for all y E Y. The following theorem states that‘ compact bilinear forms are 
exactly such bounded bilinear forms,~for’ which this’ :convergence is uniform 
on bounded subsets of Y. 
THEOREM 1.4. A bounded bilinear form k: X x Y -+ C is compact ;ff for 
each weakly convergent seqzience .+, - x, n J-+XO, &z L.25 tkere~hdlds. k(xn , y) -+ 
k(x, y), n --t GO, uniformly on each bounded subset ‘of 3. 
Proof. Necessity. Let k be eombact. ,Then by. Theorem 1.3 there exists 
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a compact linear operator K: X -+ Y* such that (1.2) holds. Now from x, - x, 
n -+ CO, there follows Kx, -+ Kx, n --+ co, and hence 
Sufficiency. Let x, - x, n --f co, in X and yra - y, n -+ 00, in Y. 
Then the weakly convergent sequence (yJ is bounded, say // yn // < C, n E k! 
and, observing that k is bounded, we obtain 
I k(xn > ~4 - k(x, r>l 
G I k(x, 9 in) - k(x, m>l + I 4x> in) - Hx, r>l 
G ,;g I k(xlz > 4 - k(x, 41 + I 4x, in) - k(x, ~11 - 0, n+ co. I! \
Therefore k is compact. 
Analogously there holds 
THEOREM 1.4'. A bounded bilinear fmm k: X x Y + C is compact ;3sF fw 
each weakly convergent sequence yr - y, n -+ co, in Y there holds k(x, yn) --f 
k(x, y), n -+ CD, umifmmly on each bounded subset of X. 
THEOREM 1.5. A boun&d bilinear form k: X x Y -+ C is compact ifl for 
each pair of weakly convergent sequences x, - 0, n + 00, in X and ylz - 0, 
n -+ co, in Y there hoZds k(xn , yn) -+ 0, n + CD. 
Proof. Necessity is trivial. 
Sufficiency. Let x, - x, n + co, in X and let yn - y, n + co, in Y. 
Because k is bounded it follows that k(xn , y) -+ k(x, y), ?z+ co, and k(x, yn) -+ 
k(x, y), n -+ co. Hence 
k(xn > ml = k(xn - x, yn -Y) + 4x, yn) + kh 9 Y> - k(x, 4 
- 4x> Y), n-+ 00, 
since x, - X-Q, n-+ 00, andy,-y-0, n-+ 0~). 
We conclude this section with an Ehrling type inequality. In order to formulate 
this inequality we first give 
DEFINITION 1.6. Let X, Y be normed spaces. A bilinear form b: X x Y -+ C 
is called nondegenerate if 
SUP I b@,~)l > 0 
I!?/!!=1 
for all x E X with I/ x I/ = 1 
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and 
sup I W% Y)l > 0 forallyEYwithj]yjl = 1. (1.3’) 
112!1=1 
It is called strictly nondegenerate if there exists a positive number d such that 
and 
sup I b(x, y)I 3 a! for all x E X with jj x jl = 1 (1.4) 
IIYII=l 
sup I b(x, y)l > d forallyEYwith/lyIj = 1. (1.4’) 
1lxll=1 
Remark. The condition that a bilinear form be nondegenerate actually 
means that for each x E X with x f 0 there exists y E Y such that b(x, y) f 0 
and vice versa. 
THEOREM 1.7. Let X, Y be repexive Banach spaces, let 6: X x Y --+ C be a 
bounded nondegenerate and k: X x Y -+ @ a compact bilinear form. Then for 
each E > 0 there exists M(E) 3 0 such that 
sup I 4x, r)l G E II x II + We) ,zzI I b(x, Y)I 
II?&1 
U-5) 
for all x E X and 
sup I k(x,y)l G E I/Y II + Mb) sup I G,Y)I 
IlXllSl Ilxll=1 
(1.5’) 
for ally E Y. 
Proof. Assume that there is a positive number E for which no positive 
number M exists such that (1.5) holds. Then there exists a sequence (xn) 
in X with I/ x, 11 = 1 and 
l;zl I k(xn >y)l > 6 + “,=J~ I b(xn ,y>l. (l-6) 
Using that k is bounded, we obtain directly from (1.6) that 
4% > Y) - 0, n-+ Go, (1.7) 
for all y E Y. The bounded sequence (x,J contains a weakly convergent sub- 
sequence x,ci) - x, j --+ co. Since b is bounded we deduce from (1.7) that 
b(x, y) = 0 for all y E Y. Hence x = 0 because b is nondegenerate. Applying 
Theorem 1.4 we now get 
,zg I k(xnw ,Y)I -+ 0, j-f=), 
which is a contradiction to (1.6). 
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2. FREDHOLM'S ALTERNATIVE 
The following extension of the Lax-Milgram theorem is due to Hayden [l]. 
THEOREM 2.1. Let X, Y be rejlexive Banach spaces and let b: X x Y -+ C 
be a bounded bilinear form. For each y * E Y* there exists a unique x E X stcch that 
b(x,y) = y*(y) for ally E Y 
and far each x* E X* there exists a unique y E Y such that 
b(x, y) = x*(x) for aZZ x f X 
iff b is strictly nondegenerate. 
For completeness and clarity we now give 
DEFINITION 2.2. We say Fredholm’s alternative is valid for the bilinear 
form b: X x Y -+ @ if either for each y* E Y* there exists a unique solution 
x E X of the inhomogeneous equation 
b(x, Y> = Y*(Y) for all y E Y (2.1) 
and for each x* e X* there exists a unique solution y E Y of the inhomogeneous 
equation 
f&y) = X*(X) for all x E X G-2) 
or the homogeneous equation 
bb, Y) = 0 for ally E Y (2.3) 
and the adjoint homogeneous equation 
6(x, Y> = 0 for all x E X (2,4) 
have the same finite number of linearly independent soIutions x, ,..., x, E X 
and ~1 >..., y% E Y. In order that in this case the inhomogeneous equations (2.1) 
and (2.2) have a solution it is necessary and sufficient that y*(yJ = 0, 
.l-- ‘-1 ,..., n, and x*(xj) = 0, j = l,..., n, respectively. 
The following theorem is an analog of Nikolskii’s theorem I21 for operators. 
THEOREM 2.3. Let X, Y be rejlexive BaRach spaces. For a. bow&d b&tear 
form b: X x Y --t C Fredholm’s alternative is v&d iff there exists a compact 
bilinear fom k: X x Y ---f C such that 6 - k is strictly nondegemrate. 
Proof. Since b is bounded there exists bounded linear operators B: X -* Y* 
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and B*: Y + X* such that (1.1) holds. Therefore Eqs. (2.1) and (2.2) are 
equivalent to the operator equations 
and 
Bx =y* (2.5) 
B*y = x*. (2.6) 
Hence Fredholm’s alternative is valid for the bilinear form b iff it is valid for 
the pair of dual operators B and B *. By Nikolskii’s theorem this is the case 
iff there exist compact dual operators K: X -+ Y* and K*: Y -+ X* such 
that B - K and B* - K* are bijective, that means iff for each y* E Y* the 
equation 
(B -K)x =y* (2.7) 
has a unique solution x E X and for each x* E X* the equation 
(B” - K*)y = x* (2.8) 
has a unique solution y E Y. Now define a bilinear form K: X x Y --+ G by 
4% Y> := (WY) = F*Y’r)w 
for .all x E X, y E Y, which by Theorem 1.3 is compact. Equations (2.7) and 
(2.8) are then equivalent to 
for ally E Y and 
4% Y> - 4x> Y) = Y*(Y) 
w-6 Y) - qx, Y> = X*(x) 
for all x E X. Thus finally by Hayden’s theorem the, Fredholm alternative 
is valid iff b - k is strictly nondegenerate. 
3. APPLICATION: L” APPROACH TO WEAK SOLUTIONS 
OF THE DIRI~HLET BOUNDARY VALUE PROBLEM FOR LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 
Let m be a positive integer and let p E (1, a). The Sobolev space H”**[O, 11, 
or simply Hm*p, consisting of all functions x EL*[O, I] with generalized 
derivatives @) EL~[O, l] for 1 < h < m, endowed with the norm 
(3.1) 
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is a reflexive Banaoh space [3]. The completion of the testfunction space 
Com[O, 1] with respect to the norm (3.1) yields the Sobolev space NOm,PIO, 11, 
or simply Elr,9, which again is reflexive. Because the inequality 
iS II x+-lytp dt)liP < (Jo1 j x@)(t)l~ dt)y k E N, 0 
holds for all functions x E Com[O, 11 (which easily follows from @-l)(t) = 
$x(“)(s) ds with the aid of Holder’s inequality), the norms (3.1) and 
II x llna.P.0 := (iol 1 ~(~)(t)jP dt)l” (3.2) 
are equivalent on El;@. 
Choose X *= JZem,a and Y := HF*’ where (l/p) + (l/g) q 1. Define a 
bounded bilinear form 6: HFrp x Ho”yq+C by 
b(x, y) : = I1 f a&) x(f)(t),yck)(t) dt, 
0 j,k=O 
(3.3) 
where the coefficients ajlc are assumed to belong to Lm[O, l] and 
Re amm(t) 3 a > 0 (3.4) 
holds for all t E [0, 1] with some constant a. Given a function x fLp[O, l] 
introduce a bounded linear functional y* G (H2pg)* by 
Y*(Y) := ,j: 4f>r(t> dt (3.5) 
for all y E H Fy”. Consider the ordinary differential expression 
LX : = f (- l)“(dk/dtk) afl,(dj/dtj)x. 
j,k=O 
(3.6) 
A function x E Hr9” is called a weak solution (in the LP sense) of the Dirichlet 
boundary value problem- 
#LX = z, 
x’“‘(0) = x(“(l) = 0, k = O,..., m - 1, 
if 
W% Y) = Y”(Y) (3.7) 
holds for all y E HTSQ. We shall verify that Fredholm’s alternative is valid 
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for this weak Dirichlet problem. We first prove that the principal part b,, 
of 6, defined by 
bmnz(x, y) := Ia1 u,,(t) x(‘@(t) y’“‘(t) dt (3.8) 
is strictly nondegenerate. Given any function x E Com[O, l] with ]j x /j112,9,0 = 1 
we define a function y E C*[O, 1] by 
s t (t -s)+1 1 x(“)(s)l” o %Ln&) x(m)(s) - z; h,s”] ds, t E [0, 11, 
where the A, are the unique solution of the linear system 
SF & = j’ (1 - sY-- 1 ;;;y & 
0 %&) 
j = O,..., m - 1, (3.9) 
and where we set 1 ~(~)(s)I”/x(“)(s) = 0 if x(s) = 0. In order to establish that 
the inhomogeneous system (3.9) h as a unique solution we show that the cor- 
responding homogeneous system only has the trivial solution. With the pti 
being a solution of 
~pk[(l~m~~~-‘skd~=O, j=O ,..., m-l, (3.10) 
we introduce a function u E Cm[O, 11 by 
s,’ ‘“u;--;s~l sk ds, t e [0, 11. 
We calculate 
W-1 
%?aw @Yt) = c Pktk, 
k-0 
t E 10, 11, 
and, using (3.10), 
u(y)) zxz u’yl) = 0, j = O,..., m - 1. 
From this, by partial integration, we conclude 
s 
l q&t) 1 zW(t)12 dt = If,; pk s,l tki=@ dt = 0. 
0 
(3.11) 
Making use of the condition (3.4), we get u (N = 0. Combining this with (3.11) 
we finally find pk = 0, k = 0 ,..., m - 1. 
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By construction of ,the fun@ion-y, there holds 
1 xytp 
x(@(t) 
- 5’ h,tk], t cz [O, 11, (3.12) 
k=O 
and 
y(i)(O) = y(i)(l) = 0, j = O,..., m - 1. (3.13) 
The vanishing boundary values ‘(3.‘13) imply that y E HTSq. Using that 
x f CornPA 11 with II x llm,lD,o = 1, by partial integrations we find 
b,,(x, y) = s,’ 1 ~(“~(t)l~ dt - m$l h, jo1 t%@(t) dt = 1. 
k=O 
With the aid of (3.4) and Holder’s inequality we estimate 
II Y /lm,4.0 G 5 ] [f 1 x(t)/‘“-l’q dt]“’ +;g / hk 1 [jol t”q dt]“‘/ 
For the right-hand side of the system (3.9) we obtain the bound 
Hence, summarizing, we have arrived at the result 
for some positive number C depending only on nz, p, and a,, but not on the 
function x. Thus, remembering the density of Com[O, 1] in HOm,‘, we have 
SUP I Ldx, y)l 2 d > 0 
ll?/ll,,,,o=l 
for all x E HFgD with Jl x /jm,,o,O = 1 where d := l/C. Analogously there exists 
a positive number d’ such that 
SUP Il”llm,p,o=l I hm,&, y)I b d’ > 0 
holds for all y E H,“9q with j/y ]]pn,p,o = 1. Therefore a,, is strictly non- 
degenerate. 
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Now consider the remaining part K := b - b,, which is of the form 
where bj,: Hrsz, x HT9* + @ is defined by 
bjk(x, y) : = .r’ a,x(j)(t) y’“‘(t) dt 
0 
for all x E Hr**, y E H:‘*. Hijlder’s inequality yields 
I bk(x, Y)I < II ajk IL II x l13,p,o Ily IIR,~,~. 
Let x, - 0, n + co, in Hr3p, and yn - 0, n -+ 00, in Hrpq. Then since the 
imbedding operator E”J: Hrsp + Hk” is compact if j < m [3] it follows 
that II x, IIL~,~ -+ 0, n + co. Then because each weakly convergent sequence 
is bounded, 
and by Theorem 1.5 the bilinear form bjfi is compact in the case j < m, k 
arbitrary. Analogously bjk is compact in the case k < m, j arbitrary. Therefore 
k is compact. 
Thus we have proved that there exists a compact bilinear form k such that 
b - k is strictly nondegenerate. Hence, by Theorem 2.3, for the weak solvability 
of the Dirichlet problem in L’ the Fredholm alternative is valid. 
We conclude with the remark that in order to apply the general theory to 
partial differential equations the main problem is to prove that the principal 
part of the bilinear form associated with an elliptic boundary value problem 
is strictly nondegenerate. If it is possible to get this result in a reasonable 
manner one would then have a rather simple Lo approach to elliptic boundary 
value problems which compares favorably with Simader’s approach [4]. 
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